Through empirical analysis, this note shows that the time intervals between the consecutive transactions of Nikkei 225 Futures in the Osaka Securities Exchange substantially follow identical Pareto distribution of type III independently if the length of observation period is fixed at 15 minutes. This result is expected to give a possible suggestion when we develop a real time simulator of a stock market.
Introduction
In the analysis of real time behavior of the stock market, we usually model the sequence of the occurrences of transactions by using a stochastic point process. Since the pioneering work of Garman [1] , the Poisson process has been popularly used, in particular, in theoretical analysis. Indeed, the Poisson model successfully explains some particular qualitative features of stock markets. (See, e.g., Daniels et al. [2] , Endo et al. [3] , Li et al. [4] , etc.)
If one is interested in the quantitative behavior of stock markets, however, one will face the problem that the Poisson model is far from reality. The assumption of the Poisson process means that intervals of the transactions follow independently an identical exponential distribution. Ha and Chang [5] reported that the gamma distribution is better than the exponential distribution. Kato and Marumo [6] reported that the time intervals of the transactions do not follow the Poisson process in the case of Nikkei 225 Futures in the OSE(Osaka Securities Exchanges).
In the present note, we report that the following null hypothesis is often adopted for the sequence X t of transaction intervals in the 15 minute intervals of the Nikkei 225 Futures in the OSE: H 0 X t are independently and identically distributed with the Pareto distribution of type III.
Framework of our analysis
In this note, we work on the sequences of real time transactions of Nikkei 225 Futures on the OSE from February 27, 2006 through February 29, 2016. For the 2454 trading days during this period, we have two sets of digital data: NIKKEI NEEDS provided by Nikkei and one provided by Thomson Reuters. The Nikkei data are timestamped with second precision while the Reuter's data are with microsecond precision.
Let us begin with our observation with Fig. 1 , which shows the profile of the changes of average numbers of transactions in every 5 minute intervals from February 27, 2006 through February 29, 2016. To clarify the effect of noon recess, we divide the period at February 10, 2011, and give the two graphs. Fig. 1 indicates that the frequency of transactions substantially depends on time zones in a day. It seems to be difficult to describe the occurrence of transaction by a single stationary process. Thus, we divide the market hours into a sequence of short periods, and assume that on each interval, the time intervals between consecutive transactions independently follow a suitable identical distribution.
From the viewpoint of stationarity, the intervals should be taken as short as possible. From the point of the reliability of statistical test, the intervals should be taken as long as possible. As a compromise we fix the length of the time interval at 15 minutes. In this case the average number of transactions around noon is about 100. (See Fig. 1 .) Our next observation is that the histogram in Fig. 2 of the time interval T (∈ (0, ∞)) has a sharp peak at t = 0. It explains why the Poisson process does not give a good fit to the process. Thus we seek our answer among the distributions whose density diverges at the origin.
This note takes up the exponential distribution as a benchmark, and the gamma distribution, the Weibull distribution, and the Pareto distribution I-III for the possible improved candidate:
The exponential distribution:
The gamma distribution:
The Weibull distribution:
The Pareto distributions I -III (see, e.g., Kotz et al. [7] ):
(1)
Details of the calculations
Nikkei 225 Futures contract matures on the second Friday in each delivery month(March, June, September and December). When the market is open, always traded are thirteen contracts whose delivery months are different. In our calculations, we use the front contract and roll over the contract just before entering the delivery months. That is, we first discard the data of the transactions of the delivery months, and then choose data of the contract whose delivery month is closest.
Market We discard the intervals which contain no transactions at all for some reason or other. For examples, the transactions between 10:45 and 15:10 on 27 December 2006, and those between 9:00 and 11:00 on 22 December 2008 are completely missing in the Reuters' data. We simple ignore the case of a system clash or when the circuit breaker is triggered (Table 1) . Thus we have 51422 intervals in all, which we give in Table 2 .
How to deal with the simultaneous transactions
In the case of Poisson process, at most one event occurs in a very short interval. Even on the microsecond precision data provided by Reuter, we observe that substantial number of pairs (triple, quadruple, . . .) of transactions are executed simultaneously. We give a sample of the transaction sequence in Table 3 , and the graph of the percentage of such transactions per year in Fig. 3. Fig. 3 shows around 12.91 percent of the transactions is simultaneously executed when the simultaneous transactions are counted as one.
We understand that this is not by accident, so that we regard the transaction process as a compound process. In this note we concentrate our effort for estimating the non-zero intervals between the transactions, regarding as the transactions with the identical time stamp as a one transaction.
From here on, we only work with the Reuter's data, because the resolution of their timestamp is microsecond. For the six distributions we choose, we estimated their parameters using the Mathematica package, in which the estimations are carried out by the maximum likelihood method. Then, we test the null hypothesis: at the significance level 5 percent, using the KolmogorovSmirnov test again by using Mathematica.
Results
Fig . 4 shows the yearly changes of the percentage with which the null hypotheses are adopted for the six distributions.
One will see the Pareto distribution III is the best, and may be enough as a first approximation. In Table 4 , we show that this ratio is substantially time zone dependent. Even on the opening and the closing intervals of the market, the Pareto distribution III give acceptable results. We observe in Fig. 5 that the Pareto III distribution well approximates the histogram given in Fig. 2 .
The parameter α of Equation (1) is the scale parameter, so that the β is the only shape parameter. We give in Fig. 6 the yearly change of β. We see that it is monotonically increasing.
The percentage with which the null hypothesis H 0 is adopted remarkably decreases at the end of our calculculation. We conjecture that this decrease comes from the spread of the automatic trading.
Summary
If we can rely on the Reuters' data, the results of this note indicate that the i.i.d Pareto distribution III gives a good first approximation to the stochastic point process of the transactions of the Nikkei 225 Futures in the OSE. By tuning its time scale parameter suitably by empirical time zone frequency data, it is expected to improve quantitative behavior of a simulator.
